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From (3) we have ^^^b + 2r "r 2 + r^cotlC 

a sin \B sin JC 
r j 2 cos \B sin ^ C + 2r x r 2 sin £i? sin \C + r 2 2 sin£i?cos \C 

- r cos i A cos i^ - j) cos ife ~ °) — iK 1 + tan \ B ) (j + tan j-C) 
2cos^cos^£cos^Ccos^(- — -4) ~ I + tan \A 

2 kil+ixa± A)(l+tan±C) 2 lr(l+tan^)(l -j-tan^B) 
.r x x— l +tS nfB » »V*— 1 + tan ^-C ~ ' 



SOL UTION OF MB. CHURCH'S PROBLEM. 



BY PKOF. E. W. 

"Given four points [no one point lying within the triangle formed by the 
other three] to construct geometrically the axis and focus of the parabola 
passing through them. 

Solution. — Let the four points be I 
a", b, c, d\ Regard them as lying I 
in the horizontal plane of projec- 
tion, and draw a ground line CL 
through two of them as b and c. 
Take some point p [marked p h p*~\ 
in the second angle, and draw the I 
right lines pd and pa piercing the 
vertical plane in d t and a x . b and 
c are in GL and therefore in both 
the horizontal and vertical planes 
of projection. 

Draw in the vertical plane a hor- 
izontal line IP through p°. Now I 
if an ellipse be drawn passing 
through the four points a" 1 , b, 
and d° j , and also tangent to the line I 
L", and if p be taken as the vertex of the projecting cone, the ellipse a^ 6 
c tfj f will be projected into the required parabola, upon the horizontal 
plane. For by the construction b and c are their own projections, a° 1 is 
projected into a", and d^ into d°, and f is projected to infinity. It follows 
therefore that p h t A is a diameter of the parabola. It is not necessary to con- 
struct the ellipse. Draw by Pascal's theorem a tangent to the ellipse at 
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either of the given points as b. In the figure 6 e° is the tangent. Project it 
upon the horizontal plane into L" 1 , the tangent to the parabola at b. Having 
now the tangent and diameter at b, other tangents as those at c and c x can 
be drawn at once, and the curve can be constructed, and its axis and focus 
found. 

It only remains to show how to find the point C at which the ellipse 
through a°j, b, c, ePj is tangent to L". 

Suppose f to have been found, and consider a° 1 bcd! > 1 f as an inscribed 
hexagon with the side at f reduced to a point; then by Pascal's theorem the 
intersections of the three pairs of lines d° , f and bo?,, a , f and ccP,, be 
and L" must lie in the same straight line. But as the last two are parallel, 
the line through the three intersections will de parallel to 6 c, or GL. 

If therefore we draw a series of lines S 2 e 2 , S 3 e 3 etc. parallel to GL, and 
draw also the lines d ^, d° T (J 2 etc. and a", £j , a° 1 e 2 etc., then the locus ot 
the intersections a, ft, y, etc. of these last lines will cut _L° at the required 
point of contact P. 

This locus is a conic section with its center at k the middle point of a!' l (l!' 1 
which is a diameter. It has a pair of conjugate diameters parallel to c (2% 
and bo,*!, and its equation referred to these diameters is 



}a(a ± a t ) ^ %b(b ± b t ) 
in which a is the distance from the intersetion of c d" 1 and b a* 1 to the point 
d* a ; aj that from the same intersection to £; b that from the intersection 
to a" 1 ; and b t that from the intersection to y; the lines a° x £ and rj d?-^ be- 
ing parallel to GL. 

If the upper signs of a x and b t be taken the curve is an ellipse, if the 
lower, it is an hyperbola. The first corresponds to the case where the lines 
^i £ i> ^2 £ 2 etc - are drawn across the other angle between the lines cd?! and 
Ja*j , i. e. so as to cut one of them on the same side of their intersection on 
which a*! and cP t are situated, and the other on the other side, while the 
second is the case in the figure. If a\ and dP 1 are equally distant from GL, 
or if 6a°j and cd ! are parallel the locus reduces to two intersecting right lines. 



Q UADRATURE OF THE CIRCLE. 



BY PEOF. AUGUST ZIELINSKI, AUGUSTA, GEORGIA. 

The Geometers of Antiquity used to distinguish, in the solution of math- 
ematical problems, the geometrical solutions and the mechanical ones — the 



